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TO REMEMBER

Ampli�cation ⇒ noise



N -mode states

Characteristic function ϕ(z) = tr[%W (z)]

I coordinates in the real symplectic space

z = (x1, y1, . . . , xN , yN )>

I Weyl operator

W (z) = exp[i(q1x1 + p1y1 + · · ·+ qNxN + pNyN )]

I canonical commutation relation [qi, pj ] = iδij

I number of modes N

Gaussian states: ϕ(z) = exp
(
−1

2z>Vz + il>z
)

I V is covariance matrix satisfying V > i
2∆

I symplectic form ∆ =
N⊕
i=1

(
0 −1
1 0

)
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Examples of Gaussian states

I 1-mode coherent state |γ〉: 1√
2
(q + ip)|γ〉 = γ|γ〉, γ ∈ C

|γ〉 = exp(− |γ|
2

2 )
∑∞

n=0
γn√
n!
|n〉, 1

2(q2 + p2)|n〉 = (n+ 1
2)|n〉

I 2-mode squeezed vacuum

|ψ〉 =
√

1− (tanh r)2
∑∞

n=0(tanh r)n|n〉 ⊗ |n〉

V =
1

2


cosh 2r 0 sinh 2r 0

0 cosh 2r 0 − sinh 2r
sinh 2r 0 cosh 2r 0

0 − sinh 2r 0 cosh 2r

 .
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Attenuator and ampli�er

ϕout(z) = ϕin(Kz) exp

(
−1

2
z>Mz

)

K =
√
κ

(
1 0
0 1

)
, M = µ

(
1 0
0 1

)
I attenuation (0 < κ < 1)

I addition of classical noise (κ = 1)

I ampli�cation (κ > 1)

Holevo, Werner'01:

Fair physical channels (completely positive maps): µ ≥ 1
2 |κ− 1|

Quantum limited operation: µQL = 1
2 |κ− 1|

Extra noise: a = µ− µQL ≥ 0
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One-sided disentangling noise

F( , )k m

De�nition
Channel Φ is entanglement breaking (EB) if for an arbitrary input

state of the channel Φ⊗ Id its output state is separable.



Attenuator and ampli�er
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Holevo'08: Φ(κ, µ) is EB i� µ > 1
2(1 + κ).



F. A. S. Barbosa, A. S. Coelho, A. J. de Faria, K. N. Cassemiro, A.

S. Villar, P. Nussenzveig, M. Martinelli. Robustness of bipartite

Gaussian entangled beams propagating in lossy channels. Nature

Photonics 4, 858 (2010)



N -sided disentangling noise

F( , )k m

De�nition
Channel Φ is N -locally entanglement annihilating (N -LEA) if for

an arbitrary input state of the channel Φ⊗N its output state is

separable. (Morav�c�ikov�a, Ziman'10)

De�nition
Channel Φ is N -LEAG if for an arbitrary Gaussian input state of the

channel Φ⊗N its output state is separable.
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N -LEAG attenuators and ampli�ers

Proposition (SF, Ziman'14). The channel Φ(κ, µ) is N -LEAG if

and only if the total noise level µ ≥ 1
2 .
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Scaling map

O. Man'ko, V. Man'ko, Marmo, Shaji, Sudarshan, Zaccaria'05

Ξ : ϕout(z) = ϕin(
√
κΞz)

Lemma
Scaling map Ξ transforms Gaussian states into Gaussian states if

κΞ > 1.

Proof. Vout = κΞVin > Vin > i
2∆.

Lemma
Scaling map Ξ is not positive.

Proof. |〈0|2〉|2 = 0 but 〈0|Ξ[|2〉〈2|] |0〉 < 0.
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Proof.

Su�ciency.

X

X Q

QEB

EB

F( , )k m

The relation Φ(κ, µ) = ΘEB ◦ Ξ holds if κ = κΞκΘ and

µ = µΘ ≥ 1
2(1 + κΘ).

In the limit κΘ → 0 and κΞ →∞ with keeping κΞκΘ = κ = const,
we obtain µ ≥ 1

2 .



Necessity.

If µ < 1
2 then Φ(κ, µ)⊗2 preserves entanglement of the 2-mode

squeezed vacuum state

|ψ〉 =
√

1− tanh2 r
∑∞

n=0(tanh r)n|n〉 ⊗ |n〉 when r →∞. This

can be checked, e.g., by Simon's criterion applied to the covariance

matrix

V =
1

2


cosh 2r 0 sinh 2r 0

0 cosh 2r 0 − sinh 2r
sinh 2r 0 cosh 2r 0

0 − sinh 2r 0 cosh 2r

 .

Thus, Φ(κ, µ) is not 2-LEAG and, consequently, not N -LEAG .



Corollary

The channel Υ = Φ(κ1, µ1)⊗ Φ(κ2, µ2)⊗ · · · ⊗ Φ(κN , µN )
annihilates entanglement of all gaussian N -mode states if µi ≥ 1

2 ,

i = 1, . . . , N .

Proof. Similarly to the proof of Proposition, concatenation of the

homogeneous scaling map Ξ⊗N and a map
⊗N

i=1 ΘEBi composed

of the individual entanglement-breaking attenuators with

aΘi = κΘi = κi/κΞ leads to the map

Φ(κ1,
1
2)⊗ Φ(κ2,

1
2)⊗ · · · ⊗ Φ(κN ,

1
2) in the limit κΞ →∞. The

map Υ may be readily obtained by adding classical noise (µi − 1
2)

into ith mode, i = 1, . . . , N .



Corollary

Suppose the channel Υ = Φ(κ1, µ1)⊗Φ(κ2, µ2)⊗ · · · ⊗Φ(κN , µN )
such that min

i=1,...,N−1

2µi−1
κi

= s > 0. The channel Υ annihilates

entanglement of all gaussian N -mode states if µN ≥ 1
2(1− sκN ).

Proof. If s ≥ 1, then all the channels Φ(κ1, µ1), Φ(κ2, µ2), . . .,
Φ(κN−1, µN−1) are EB and the statement becomes trivial. If

0 < s < 1, let us represent Υ as a concatenation of the

homogeneous scaling map Ξ⊗N and a map(⊗N−1
i=1 ΘEBi

)
⊗ΘQLN composed of N − 1 entanglement breaking

attenuators and a quantum limited attenuation of the N th mode.

In fact, put κΞ = s−1 > 1 and κΘi = sκi, i = 1, . . . , N − 1, then
the relation aΘi = µi − 1

2(1− sκi) ≥ κΘi makes Θi entanglement

breaking for i = 1, . . . , N − 1, which guarantees separability of the

output state for all N -mode gaussian inputs. The application of the

quantum limited attenuator ΘQLN with κΘN = sκN results in the

noise µN = 1
2(1− κΘN ) = 1

2(1− sκN ). Greater noises in N th

mode can be realized by adding classical noise.



Non-Gaussian input states

F( , )k m

What happens if we do not restrict to Gaussian inputs?



Proposition (SF, Ziman'14)

The channel Φ(κ1, µ1)⊗ Φ(κ2, µ2) is not entanglement

annihilating under the following conditions:

(i) κ1 < 1, κ2 < 1,

a1 <
κ1(1 + a2)

2(1 + a2)− κ2
, a2 <

κ2(1 + a1)

2(1 + a1)− κ1
;

(ii) κ1 < 1, κ2 ≥ 1,

a1 <
κ1(κ2 + a2)

κ2 + 2a2
, a2 < 1− κ2

1 + a1 − κ1

2(1 + a1)− κ1
;

(iii) κ1 ≥ 1, κ2 ≥ 1,

a1 < 1− κ1a2

κ2 + 2a2
, a2 < 1− κ2a1

κ1 + 2a1
.



Proof.

Φ[%] = π−2
∫∫

d2αd2β Ãαβ%Ã
†
αβ , where

Ãαβ =

∫
d2γ

π
√
τ

exp

(
− |α|

2 + |β|2 + |γ|2

2
+
√

1− η αγ

+
1

2τ

∣∣√τ − 1β +
√
η γ
∣∣2)∣∣∣√ τ−1

τ β +
√

η
τ γ
〉
〈γ|, (1)

η =
κ

τ
, τ =

{
1 + a, 0 < κ < 1,
κ+ a, κ > 1.

(2)

(Follows from Ivan, Sabapathy, Simon'11)

The parameter η de�nes the attenuation factor of the quantum

limited attenuation ΦQLη and τ de�nes the power gain of the

quantum limited ampli�er ΦQLτ , the concatenation of these

channels results in the channel Φ(κ, µ) given by (1), i.e.

ΦQLτ ◦ ΦQLη = Φ(κ, µ)



It su�ces to �nd a two-mode state |ψ〉 such that

(Φ(κ1, µ1)⊗ Φ(κ2, µ2)) [|ψ〉〈ψ|] is entangled for parameters κ1,2

and a1,2 satisfying (i)�(iii). Let

|ψ〉 = [2(1− e−|γ|2)]−1/2(|γ〉|0〉 − |0〉|γ〉), its energy
E = (1− e−|γ|2)−1|γ|2 → 1 when |γ| → 0.

Entanglement witness:

Wλ =

∫
d2α

π

d2β

π
eλ(|α|2+|β|2)|α〉〈β| ⊗ |β〉〈α|.

For all pure factorized states |ξ〉 ⊗ |υ〉 we have

tr[Wλ|ξ〉〈ξ| ⊗ |υ〉〈υ|] =
∣∣∣∫ d2α

π eλ|α|
2〈ξ|α〉〈α|υ〉

∣∣∣2 ≥ 0, whereas

tr[Wλ%] < 0 indicates entanglement of %.
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tr {Wλ (Φ(κ1, µ1)⊗ Φ(κ2, µ2)) [|ψ〉〈ψ|]}

=
[(

1− e−|γ|2
) (
τ1τ2(1− λ)2 − (τ1 − 1)(τ2 − 1)

)]−1

×
{

exp

[
− η1τ1 (1− λ(2− λ)τ2)

τ1τ2(1− λ)2 − (τ1 − 1)(τ2 − 1)
|γ|2
]

+ exp

[
− η2τ2 (1− λ(2− λ)τ1)

τ1τ2(1− λ)2 − (τ1 − 1)(τ2 − 1)
|γ|2
]

− 2 exp

[
−
(

1−
√
η1τ1η2τ2 (1− λ)

τ1τ2(1− λ)2 − (τ1 − 1)(τ2 − 1)

)
|γ|2
]}

,

which is justi�ed for λ < λ0 = 1−
√

(τ1 − 1)(τ2 − 1)/τ1τ2.



The average value obtained takes negative values in the widest

region of parameters η1,2, τ1,2 if |γ| → 0. In this case, the output

state is entangled if there exists a solution λ∗ of the inequality

2[τ1τ2(1− λ)2 − (τ1 − 1)(τ2 − 1)−√η1τ1η2τ2 (1− λ)] <
η1τ1 + η2τ2 − λ(2− λ)τ1τ2(η1 + η2) such that λ∗ < λ0. The reader

will have no di�culty in showing that such a solution λ∗ exists if
2− η1 − τ2(2− η1 − η2) > 0 and 2− η2 − τ1(2− η1 − η2) > 0.
Substituting expressions (2) for η1,2 and τ1,2 yields formulas

(i)�(iii).



2-local attenuator and ampli�er: Non-gaussian inputs

κ1 = κ2 = κ, µ1 = µ2 = µ: Φ is not 2-LEA if µ < 1
2

√
κ2 + 1
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Dots: Sabapathy, Ivan, Simon'11 for the state 1√
2
(|n〉|0〉+ |0〉|n〉),

n = 5
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Proposition (SF, Ziman'14). The channel Φ(κ, µ) ∈ C is not

N -LEA for any N = 2, 3, . . . if the total noise level satis�es

µ < 1
2

√
κ2 + 1.

�Rather good� input state

|ψ〉 =
1√
2

(|1〉 ⊗ |0〉 − |0〉 ⊗ |1〉).

single

photon
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Summary

I The channel Υ = Φ(κ1, µ1)⊗ Φ(κ2, µ2)⊗ · · · ⊗ Φ(κN , µN )
annihilates entanglement of all gaussian N -mode states if

µi ≥ 1
2 , i = 1, . . . , N .

I Phase-insensitive ampli�cation Φ1 ⊗ Φ2 ⊗ . . .ΦN with the

power gain κi ≥ 2 (≈ 3 dB, i = 1, . . . , N) is shown to destroy

entanglement of any N -mode gaussian state even in the case

of quantum limited performance

I Special low-intensity non-Gaussian states remain entangled

within a wide range of noises beyond quantum limited

performance (µ ≤ 1
2

√
κ2 + 1) for any degree of attenuation or

gain.



Thank you for listening!


